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We analyse the effects that a rigid inclusion induces on the stationary shapes of an
impermeable three-dimensional vesicle. Our study, performed via a numerical
calculation, takes into account shapes which are not close to any reference con-
figuration (neither spherical nor planar). The shape perturbations induced by
the embedded inclusions are restricted within distances of the order of the
inclusion size. Thus, inclusions do not interfere with global vesicle properties, such
as budding transitions. The local character of the inclusion perturbation
announces a fast distance decay of the membrane mediated elastic force between
different proteins.
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1. INTRODUCTION

We study the stationary shapes of a three-dimensional impermeable
vesicle hosting a rigid inclusion. The inclusion-induced perturbations
modify the vesicle elastic energy, which in turn determines a
membrane-mediated elastic interaction between the inclusions. This
interaction has been widely studied both experimentally [1] and
theoretically, in the cases of planar [2—4], quasi-planar [5,6], and
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quasi-spherical vesicles [7,8]. We aim at determining numerically the
stationary shapes, as a first step towards the computation of the mem-
brane-mediated force between inclusions hosted by vesicles that are
not close to any reference shape. Throughout this paper we will often
refer to [8], of which this paper is the continuation.

We describe the vesicle elasticity through the spontaneous
curvature model [9,10]. At fixed vesicle area and enclosed volume,
the effective free-energy functional to be minimized is

Fur[Z] =« /2 (H — 00)%da + i (Area (£) — A) +  (Vol (£) — V). (L.1)

where X is a closed surface describing the vesicle shape, H denotes
the mean curvature along X, « is the bending rigidity, and ¢ the spon-
taneous curvature. The Lagrange multipliers 1, u have the physical
meaning of surface tension and pressure difference. The Euler-
Lagrange equation associated to (1.1) is the shape equation [11,12]:

k[AH + 2H (H? — K) + 200K — 206H | — 2).H — p =0, (1.2)

where Aq, the tangential divergence of the tangential gradient, is the
Laplace-Beltrami operator on X, and K denotes the Gaussian curva-
ture along X.

We now consider a vesicle which embeds an inclusion, that we
model as a symmetric conical frustum of negligible height, base radius
a, and apex angle ¢. The inclusion-vesicle interaction fixes the angle
between the vesicle normal and the inclusion plane at the contact
points to be equal to (n/2 — ¢). We restrict our analysis to vesicle
shapes which are axisymmetric about the inclusion axis.

To describe the surface shape we introduce the normalized arc-
length’® s along the curve which generates X. On the top of the vesicle
we set s =0, so that s =1 at the contact point. To determine the
stationary shapes we have solved numerically the shape Eq. (1.2).
To this aim, we have introduced the tilt angle i/, determined by
the oriented tangent to the generating curve and the plane contain-
ing the inclusion [13]. The shape equation is a third order ordinary
differential equation in W, that is to be solved also taking into
account the free boundary conditions at s =0 and the contact
conditions at s = 1.

In the next Section we will describe the families of stationary shapes
that can be obtained from (1.2) by varying the vesicle area and/or the

1The normalized arc-length is defined as the arc-length divided by the length of the
curve.



Downloaded by [University of California, San Diego] at 09:25 22 August 2012

Nonlinear Shape Perturbations 273/[601]

enclosed volume. Section 3 focuses on the perturbations induced by the
inclusion on the vesicle shape. In Section 4 we summarize and discuss
our results.

2. NONLINEAR EVOLUTION OF QUASI-SPHERICAL SHAPES

In [8] the quasi-spherical stationary shapes of a vesicle hosting a rigid
inclusion have been analytically determined. It has been there shown
that a given modification of the inclusions and/or vesicle geometric
parameters may induce shape modifications of different orders of
magnitude, depending on the vesicle permeability.

In the impermeable case, the spherical solution bifurcates into a
double infinity of stationary branches. In spherical coordinates, the
shape function in the k-th branch can be written in terms of a
Legendre function of the first kind of order v;:

re(9) =ro+ ¢ (Cy+ Cacos 9+ C3 P, (9)). (2.1)

In (2.1), r denotes the distance from the origin (placed at the center of
the sphere we perturb), 3 is the polar angle about the inclusion axis,
while C1, Cq, C5 are integration constants that depend on the bound-
ary conditions (with C3 > 0). The order v}, of the Legendre function can
be obtained by solving a suitable eigenvalue problem that was derived
and studied in [8]. It was there shown that this eigenvalue problem
admits a countable infinity of solutions {z/k, ke N}, that we can order
to obtain an (unbounded) increasing sequence: v, 1 > v}, for all £ € N,
with v1 > 2. Solutions which involve higher-order Legendre functions
are more and more wrinkled. They possess an increasing deformation
energy. In this section we follow the shape branches while they evolve
beyond the quasi-spherical regime.

In order to non-dimensionalize our equations, we define the reduced
volume v:=3v41VA 3?2 and the reduced spontaneous curvature
Go := 00T, where the surface radius r, := \/A/(4n) is the radius of a
sphere having the same area of the vesicle. Whatever the surface
shape, it holds v € [0,1], with the limiting cases v =0 and v=1
attained by planar and spherical surfaces, respectively.

Figure 1 reports the elastic free energy stored in the lower-order
branches of stationary shapes for a vesicle hosting an almost negli-
gible inclusion, i.e. an inclusion of almost null length and apex angle.
The reduced spontaneous curvature is null in Figure la, while it
attains positive (¢, = 1.5) and negative (¢; = —0.9) values in Figures
1b and 1lec, respectively. Not surprisingly, Figure la follows quite
closely the diagram reported in [13] for a free vesicle with null
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FIGURE 1 Free energy stored in the stationary shape branches when the
reduced spontaneous curvature equals 0 (a), 1.5 (b), and —0.9 (c¢). The
continuous lines always refer to prolate-dumbbells shapes; the dashed lines
are the oblate-discocyte branches; the dotted lines represent pear-shaped solu-
tions; finally, the dashed-dotted lines identify stomatocytes.

spontaneous curvature. However, we have observed that the free-
energy plots remain almost unchanged even when inclusions of non
negligible size and/or apex angle are taken into account — at least
as long as the inclusion size a remains sensibly smaller than the sur-
face radius r,. In the next section we will explain why inclusions influ-
ence so weakly the global properties of the absolute minimizer of the
free-energy functional.

Let us denote as X, (respectively, X, ) the vesicle shape branch
which bifurcates from the sphere through a shape function as in
(2.1), with the k-th eigenvalue v, as Legendre order and the plus (resp.
minus) sign in front of the perturbation. Then the prolate-dumbbells
branch can be labelled as X1, ; the oblate-discocyte branch (that eventu-
ally becomes the stomatocyte branch) corresponds to X;_. The pear-
shaped branch describes both X5, and X, , that share the same free
energy by symmetry, as we will see below. This branch was not
reported in [13], probably because it never hosts the absolute minimi-
zer of the free-energy functional. Further branches could be identified,
but their free energies increase monotonically with k. Figure 2 justifies



Downloaded by [University of California, San Diego] at 09:25 22 August 2012

Nonlinear Shape Perturbations 275/[603]

] /
N U U L

AV ANVAVAY

(a) (b) (c) (d)

gl OAr2/ro

¢

FIGURE 2 Stationary shapes for a vesicle of null spontaneous curvature,
hosting an almost negligible inclusion. Column (a) shows the perturbating
functions which give rise to the quasi-spherical shapes (v = 0.95) reported in
the (b) column. When we decrease the reduced volume (v =0.8 in (c);
v = 0.65 in (d) ) the stationary vesicle shapes move away from those predicted
by the linearized theory [8].

the labelling chosen for every branch: in column (a) we show how the
radial perturbation with respect to the spherical shape depends on
the normalized arc-length; columns (b), (c), (d) show how the shapes
evolve when the reduced volume decreases.

The analytical calculations reported in [8] proved that, close to the
spherical solution, the absolute minimizer of the free-energy functional
is always either the ;. or the X;  solution, depending on the reduced
spontaneous curvature. More precisely, it exists a (negative) critical
value of the spontaneous curvature above which X, is the absolute
minimizer, with X, preferred on the opposite side. Figure 1 confirms
this result. In addition, it shows that when we decrease the reduced
volume the preferred branch may or may not remain unchanged.

With a null spontaneous curvature (Fig. 1la), the free-energy
increases quite more rapidly along the the prolate-dumbbells branch
than along the oblate-discocyte one. For v < 0.65, oblate-discocyte
shapes become energetically favored. When we further decrease the
reduced volume, these shapes self-intersect for v~ 0.50. However,
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the X1_ shapes evolve continuously until they stabilize in the stomatocyte
branch, which for v < 0.59 host the free energy minimized. As it has been
already remarked in [13], these shapes have a bending energy which dou-
bles the spherical one.

When ¢, > 0 (Fig. 1b), the prolate branch does never hand the absol-
ute minimizer to the oblate one. Prolate shapes in this branch develop a
neck in the middle, that eventually leads to a vesicle budding transition.
For the reported value of the spontaneous curvature this transition
occurs at v<0.70. On the contrary, if ¢, is sufficiently negative
(Fig. 1c), prolate shapes are preferred even close to the spherical shape.

In all cases, when v =1 —¢, the free-energy difference between
prolate and oblate shapes is much smaller than the difference between
¥, and Xy shapes. In fact (see §4 of [8]), the difference between shapes
sharing the same %k value scales as ¢%/2, while the energy difference
between shapes corresponding to different & values scales as «.

3. APEX ANGLE EFFECTS

Up to this point we have focused on the effects induced on the vesicle
shape by a smooth variation of the membrane parameters (spontaneous
curvature and reduced volume), while keeping fixed the inclusion para-
meters. In this section we address a different question: how do the
stationary shapes change when the inclusion varies?

As for the inclusion size, the small a/r, limit is physically the only
realistic one. Our numerical simulations show that no singular shape
behaviour arises if we change the inclusion size a¢ in the regime
a << ro.

More interesting effects come into play when we vary the inclusion
apex angle, which is not necessary small in real inclusions. As we
announced in the previous section, when the apex angle is small the
presence of the inclusion does not modify the stationary shapes. In this
case the tilt angle in the contact point approaches the tilt angle a free
vesicle would have in the same point.

We have analysed the apex angle effects on a number of stationary
shapes, obtained with several different values of ¢, and v. For increas-
ing values of the apex angle, the inclusion does induce vesicle
distortion. However, our main observation is that, in all cases, the dis-
tortion is strongly localized, in the sense that it quickly decays along
the vesicle. The presence of the inclusion does not affect the vesicle
shape far away from the contact point, and the bending energy is only
slightly affected. Therefore, the presence of the inclusion does not
modify the complete phase diagram presented by Seifert and
co-workers in [13]. We remark that the opposite result holds for planar
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vesicles. In that case, the presence of an embedded inclusion induces
global shape modifications, and may even wreck the existence of
regular stationary shapes [3,4].

The motivation for this completely different behaviour is exactly the
same that allows the existence of three-dimensional buds and avoids
them in regular planar shapes. In a three-dimensional surface the
mean curvature is the average between the two principal curvatures,
while in a planar curve only one curvature comes into play. In the
three-dimensional case, a very quick change in the normal direction
is not necessarily too expensive in terms of free energy: the mean
curvature may be kept bounded by averaging a large, positive, princi-
pal curvature with a second similarly large, but negative, principal
curvature. The optimal minimizing strategy for a three-dimensional
vesicle hosting an inclusion thus consists in keeping as close as poss-
ible to its preferred free shape, and eventually adapting locally to the
inclusion contact angle with a bud-like neck.

Figure 3 confirms these predictions. In it, we compare the free
shape (continuous curve labelled as “A”) with shapes obtained with
inclusion apex angles ¢ ranging from n/20 to n/4. The left plots con-
firm that the global vesicle shape is not affected neither by the pres-
ence of the inclusion nor by the value of ¢, while the right
magnifications show how the inclusion perturbation is localized close
to the s = 1 end-point.

4. CONCLUSIONS

We have presented numerical results concerning stationary shapes of
three-dimensional vesicles which host a rigid inclusion. The numerical
solutions of the shape equation for reduced volumes close to the
spherical value v = 1 confirm the analytical results for quasi-spherical
vesicles derived in [8]. In the small inclusion limit, the free-energy dia-
grams reproduce the results obtained for a free vesicle [13].

The inclusion size, provided that it remains small, does not affect the
global properties of the vesicle shape. On the contrary, when the
inclusion apex angle is increased, the protein gives arise to a local distor-
tion in the neighborhood of the contact point. This distortion decays along
the vesicle contour within distances of the order of the inclusion size.

The results presented in this paper prompt two phenomena that will
be subject to a more detailed investigation in a forthcoming publication.

e The local character of the perturbation induced by the inclusions
suggests that the shape of the perturbation itself can be derived
by a suitable perturbation method. Once the perturbation is known,
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FIGURE 3 Left: dependence of the tilt angle iy on the normalized arc-length s
for a dumbbell-like shape (up, ¢o= 1.5, v = 0.8) and a discocyte-like shape (bot-
tom, ¢o= 0, v = 0.65). Right: magnification of the left graphs, close to the con-
tact points s=1. In all the plots, the inclusion size is @ = 10~ r,. Different
graphs refer to different values of the inclusion apex angle ¢ (the continuous
line labelled as “A” represents a free vesicle).

it is possible to compute the free-energy difference induced by the
inclusion. This difference gives rise to a position-dependent poten-
tial that determines the equilibrium configurations of the inclusion
along the hosting membrane.

e The perturbations induced by two (or more) inclusions are com-
pletely independent as long as their distance is greater than their
size. Thus, the membrane-mediated inclusion interaction is strongly
short-ranged. Once again, this is an intrinsically three-dimensional
result, since the membrane-mediated interactions were proven to be
long-range in the planar case [3,4].
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